
 

4.3 Continuous functions

Let f DCR R

Definition 4.4

f is continuous on D if f is continuous

at each point x ED

Example 4.5
i Is f D R continuous UCD then

the restricted function flu u IR

is also continuous
ii According to Example 4.3 iv the
piecewise constant function

of axes g t bXco as 112110 R

is continuous con 112110 the domain

of definition is
very important
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Remark4.2

The last example demonstrates an

important aspect of continuity The

function g is continuous although the

graph of g makes a jump at xo o

The jump point xo o does not belong
to the domain of definition of g
For monotonic functions we have the

following
Proposition 4.2

Let as Ea b E os and f Ca b R

be monotonically increasing that is

V x y e ca b x c y felt fly
Then we have for each Xo c Ca b the

left and right sided limits

flat h
x f Gl ft il E fH

and f is continuous at xo if and only if
fcxot fcx.tl flat

I



Analogously if it is monotonically decreasing

Proofi
Yet x ECa b If Gr em c Ca b with

XK L XKt Xo K as

then the sequence fcxr.DKem is monotonically

increasing and bounded Then

Prop 3.8 finesfar s exists

we show that the limit is independent from
the chosen sequence
Claim s lim f flxix Yo

X Xo

Proof
Let ya new Cca b with yn sx.lk as

where y exo KEN For E o there exists
ko C IN s th

H Ks Ko S E e f x e E S
As Xko L X ya

x k as there is k e IN

s th t k s K i Xk Lyn Xo

Together with the monotony of f we

then get



H K K S E cfcx.ro efCyrjefissfCxr7 Si
That is

f ya s K as

Analogously fcx.tl exists Aparently we have

ftp.flxt fko flat flat ft
I

Proposition 4.3
Let f a R and g IR R be continuous
Then their composition gof S R is also
continuous

Proofi
Yet xn nea be a sequence in SL and fingxia
As f is continuous at a we have

fries f xn fca
Then yui ffxnlc.IR and fizzy b

As g is continuous at y b we have

Lingglyn gcb
and therefore

neiss go f xn fiqglfcxnD fisa.GG b

gtf a gof a
a



Propositional
Let f g a IR be continuous functions
and let a c IR Then the functions

f g S2 IR rf r R f ga r R

are also continuous Furthermore If D R

is continuous for R f X E RIGG to

Proofs
Follows from Prop 3.3 a

4.4 Limits at infinity and infinite limits
Let's look at the following function

fix x
X't 1

as x becomes large The graph of f has
the following shape
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As x gets larger ft approaches the value
1 Indeed we have

e tx t Ens
and Ittf I f e e is equivalent to

It Liz I 1 LECH Es E

Therefore we have to show

F x EIR s t t X Z Xo 2
2

E

choose Xo

This is symbolically written as

Esha L

In general we use the notation

7 fGI L

to indicate that fly approaches L for large x
Definition 4.5

yet f be a function defined on some

internal a as Then

find fGl L



means that H c o F x c IR St
V X Z Xo IL fall c

We say the limit of ft as approaches

infinity is L

There are many ways
in which L can be

approached
if it

f L
4

fH
y L

O X
o S X

ng
y L

XrP
y fed

Going back to our original function we

also approach a limit when decreases through

negative values

Ezo 1

The general definition is analogous to 4.5

I



Definition 4.6
The line y L is called horizontal asymptote

of the curve y f if either
zfCx L or h n fH L

Example 4.6 Infinite limits

Find fing if it exists
solution consider the sequence

Xu In UE N

Then H M C IN M O F OL NEN s t

y
nd M f uz N

Thus the function grows without

bound as x approaches 0 so

finfo Is does not exist
if

We use the notation first as

The axis x o is called vertical asymptote



4.5 Intermediate value theorem
and applications

Proposition 4.5

Let as a bees and let f 1a b R

be continuous flat e fcb Then for each
JeffCal fcb there exists a e la b with

Hx y

fcb

fit F
i

a k b

Proofi
Define a a b b set

as a a b azbt if fCa zy

a 9 b b if flatI ay
such that fca c y e f b and Ias bal lazbl_
More generally let a a e be already given



Sit 9 E Sak E bk E Eb

and flak y a f Cbr lak bel la b12

Let c aktzb If flaky set

9kt 9k bk C

if f G ay set
9kt C bk by

We obtain in each case 9kt 29k brat C bk
with flake y Effort and

take brat I flat bi I 2 la b

The sequences Car keµ ble Ken are

monotonic and bounded Prop 3.8 then

gives
a fines are b finds bk

and Prop 3.3 sums of limits are limits of sums
then gives

la 51 fairy tar bet 0

That is 5 5 XE la b As f is continuous

y E EzfCbk fG Eng fCarley
so fkn y I



Example 4.7

i Let p IR IR be a polynomial of odd degree
Then p has a zero

Proofi
Observe that Ip I as far 1 1 as

without loss of generality pad a fax ios

otherwise consider D p As p is of odd
degree we have pad as far x es and

the claim follows from Prop 4 5
a

ii Every 3 3 matrix A with coefficients in
IR has at least one real eigenvalue

ProofI
The characteristic polynomial p of A is of
degree 3 and the zeros of p are exactly
the eigenvalues of A

Av no A AI o

p detCA 717 0

is of degree 3
see Linear algebra a



Corollary 4 I

Let fi la b la b be smooth Then

7 Xo E la b s t fCxo Xo

Proofi
Define the function gcx x ft la b
Then gi.la b R is smooth with

gca a flat E o e b fcb gCb

Prop 4.5 then implies the existence of xoefa.to
with gCxo 0 s fGo Xo a


